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1 Options, an Overview

• Why Options? The development of options as an exchange-traded product was an

important landmark in the practice of Finance. It offers investors an alternate way to

buy and sell the risk inherent in the underlying stock. In the language developed later,

it offers non-linear exposures to the underlying stock or index. This non-linearity cuts

the entire distribution of stock returns into various pieces.

After the 2008 crisis, people sneered at the Wall Street practices such as tranching

and repackaging. I think this is very unfortunate. A small fraction of Wall Street

clearly mis-used and abused derivatives and contributed to the financial crisis in 2008.

Looking back into the history of financial innovation, this was not the first time, nor

will it be the last.

Finance is about optimal allocation of risk: match the right kind of risk to the right

kind of investors and distribute the right kind of investment to the right kind of firms

or entrepreneurs. If we think of this distributional effort as a network of pipelines,

then financial markets on equity, bond, foreign exchange, and commodity offer the

basic infrastructure. The limited flexibility of these markets gave rise to derivatives.

Options are a very good example. When we invest in the stock market, we have to

take the whole package: the entire distribution of the stock. In our earlier classes,

we talked about how we can minimize our exposure to idiosyncratic risk by forming

portfolios and how we can take out the market risk by long/short strategies. The

motivation behind options is the same. What if we are interested in hedging out not

the entire market risk, but only a specific portion of the market risk, say the left tail?

The long/short strategy will not help us do that: you are either all in or all out. But

buying a put option on the S&P 500 index will achieve this goal for you. Now the

question is how much are you willing to pay for this product? This is option pricing.
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Figure 1: The distribution of a stock plotted against the payoff function of call and put
options with varying strike prices.
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Let me expand on this example further. As illustrated in Figure 1, moving the strike

price of a call option from left to right with increasing strike prices, we are making

the call option more and more out of the money. At the same time, this call option

becomes more and more sensitive to the right tail of the distribution. Likewise, moving

the strike price of a put option from right to left with decreasing strike prices, we are

making the put option more and more out of the money. At the same time, this put

option becomes more and more sensitive to the left tail of the distribution. Effectively,

the market’s valuations of such OTM call and put options provide us information about

the right and left tails. As we learned early, the left and right tails are not abstract

concepts. They are made of extreme financial events: crises show up on the left tail

and rallies add to the right tail.

This is as if we are given a high definition camera with a super strong zooming ability.

We can point our camera to the right tail and zoom into that area using an OTM call

option. Likewise, an OTM put option allows us to zoom into the left tail. If you a

photographer, you would be overjoyed to own such a high-definition camera. Likewise,

if you are in the business of risk, you would naturally be drawn to these new financial

instruments.

• History: These new instruments called options first showed up as an exchange-traded

product in April 1973, exactly one month before the publication of the Black-Scholes

paper. On the first day of trading, 911 contracts of calls were traded on 16 underlying

stocks. One option contract is on 100 underlying shares.

By 1975, the Black-Scholes model was adopted for pricing options. This is an excerpt

from an interview with Prof. Merton: Within months they all adopted our model. All

the students we produced at MIT, I couldn’t keep them in-house; they were getting hired

by Wall Street. Texas Instruments created a specialized calculator with the formula in

it for people in the pits. Scholes asked if we could get royalties. They said, “No.” Then

he asked if we could get a free one, and they said, “No.”

It was not until 1977, four years after the trading of call options, when trading in put

options begins. In 1983, the first index option (OEX) begins trading and a few months

later SPX, options on the S&P 500 index, was launched. My PhD thesis was on option

pricing and when I first started to work on the CBOE data in 1997, OEX, options

on the S&P 100 index, still had a large market presence. By now, it has only a tiny

market share. In 1993, CBOE started to publish the VIX index, which was effectively

the Black-Scholes implied volatility for an at-the-money one-month to expiration SPX.
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In 2004, CBOE launches futures on VIX and later options on VIX.

• Trading Volume and Market Size: To gauge the activity of a market, the most

frequently used measure is trading volume. For the U.S. equity market, the exchange-

listed stocks are traded on 11 stock exchanges (“lit” markets) and about 45 alternative

trading systems (“dark pools”). According to summary data from BATS, for the month

of September 2015, the average daily trading in the stock market is 7.92 billion shares

and $321 billion (dollar volume). For the same month, the overall daily trading volume

in the options market is about 16.94 million contracts and $6.30 billion (dollar volume).

As you can see, in terms of trading volume, the options market is small compared with

its underlying stock market.

In comparing the trading volumes in the stock and options markets, one interesting

observation is that, after the 2008 crisis, the trading in the stock market has been

badly hurt. For example, the average NYSE group trading volume peaked around 2.6

billion shares per day in 2008 and has decreased quite dramatically to a level near 1.0

billion shares per day in 2013 and 2014. This is not an NYSE specific problem. The

overall stock market trading peaked in 2009 around 9.76 billion shares per day and

bottomed to 6.19 billion shares in 2013. By contrast, the trading volume in options

did not suffer this dramatic reduction. The average daily trading volume was around

14 million contracts in 2008, increased to 18 million contracts in 2011, and held up

steady at around 16 million contracts in 2013.

In terms of size, the U.S. equity market has a total market value of $26 trillion by

end-2014. At the end of September 2015, the open interest for equity and ETF options

is 292 million contracts, and 23.7 million contracts for index options. Given that the

average premium is around $200 for equity and ETF options and $1,575 for index

options, this open interest amounts to $95.7 billion in total market value. Again, the

options market is small compared to its underlying stock market.

• Leverage in Options: Although the options market is small compared to the un-

derlying stock market, the risk in this market is anything but small. Because of the

non-linearity, the leverage inherent in options could be large. Given an investment of

the same dollar amount, the profit and loss in options could be many times larger than

those in the underlying stocks.

For example, let’s consider a one-month at-the-money put option. Using the Black-

Scholes pricing formula, Figure 2 plots the returns to this option as a function of the

underlying stock returns, assuming the stock return volatility is 20% per year. As we

4

https://www.batstrading.com/market_summary/


-25 -20 -15 -10 -5 0 5 10 15 20 25

Underlying Stock Returns (%)

-200

0

200

400

600

800

1000

1200
Returns to an At-the-Money Put Option (%)

one-month ( =20%)
three-month ( =20%)

Figure 2: The return of an at-the-money put option plotted against the underlying stock
return
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can see from the plot, for a 10% drop in the underlying stock price, the option yields a

return over 300%. So the inherent leverage in options amplifies a dollar’s investment in

the underlying stock to 10 dollars in options. Likewise, a 10% increase in the underlying

stock price translates to a near -100% drop in the put option. This amplification effect

shows up in call options as well, except that the profit and loss of a call option is in the

same direction as the underlying stock. Because of these amplification effects, the beta

of options on the S&P 500 index can be easily around 20 or -20. Searching through

the thousands of stocks listed on the three major U.S. exchanges, you will not be able

to find one single stock with this kind of beta. This is what a very simple, almost

innocent, non-linearity in the payoff function does to the transformation of risk.

• Types of Options: Broadly speaking, there are three types of exchange-traded op-

tions: equity, ETF, and index options. Equity options are American-style call and put

options on individual stocks. One contract is on 100 underlying shares and the option

settles by physical delivery. This CBOE link gives the exact specifications of equity

options. Using the September 2015 numbers as an example, the average daily trading

volume for equity options is around 7.57 million contracts and $1.58 billion per day in

dollar trading volume.

On any given day, there are thousands of stocks with options traded. Larger stocks

usually have higher options trading volume. In September 2015, options on AAPL are

by far the most active options traded. Other popular stocks include FB, BAC, NFLX,

and BABA, although there is quite a bit of variation over time in terms which stock

options show up among the actively traded. If you are curious, this OCC link provides

monthly summaries of all equity and ETF option trading volume by exchange.

ETF options are American-style call and put options on ETFs. Again, one contract is

on 100 underlying shares and the option settles by physical delivery of the underlying

ETF. This CBOE link gives the exact specifications of ETF options. Since the mid-

2000s, the growth in ETF options is an important development in the options market.

For September 2015, the average daily trading volume for ETF options is around 7.33

million contracts per day, on par with the trading activity for equity options. The

dollar trading volume in ETF options averages to $1.50 billion per day, similar in

magnitude to equity options.

Among the popular ETFs are SPY, EEM, IWM, and QQQ, which command relatively

high option trading volume. By far, the most actively traded ETF option is SPY (op-

tions on SPDR). For September 2015, SPY options are traded on 12 options exchanges
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with an average daily volume of 3.3 million contracts.

Index options are European-style call and put options on stock indices. Except for mini

products, one contract is on 100 underlying index. Instead of physical delivery, the

settlement of index options is done by cash. This CBOE link gives the specifications

of SPX, the most important index options. For September 2015, the average daily

trading volume of SPX is about 1.14 million contract and $2.78 billion in dollar trading

volume. Recall that the overall dollar trading volume in the options market is about

$6.30 billion. This implies that over 30% of the options dollar trading volume comes

from SPX. It is therefore not surprising that all options exchanges would like to get

involved with this product. So far, CBOE is able to maintain the exclusive license in

this product.

You might also notice that both SPX and SPY are trading on the S&P 500 index.

There are, however, a few differences between these two products. SPX is on the index

itself while SPY is on the ETF SPDR, which is about 1/10 of the index. As a result,

per contract, SPX is larger in size than SPY. Recall that average daily trading volume

in SPY from 12 exchanges adds up to 3.3 million contracts. This translates to a daily

trading volume around $804 million, a large number for ETF and equity options but

small compared with the daily dollar volume of $2.78 billion for SPX. Finally, while

SPY is an American-style option, SPX is European-style; SPY is physical settlement

while SPX is cash settlement.

Regardless of their differences, SPX and SPY share the same underlying. Therefore

there must be market participants who actively trade between these two contracts to

profit from any temporary mis-pricing between the two. As a result, the pricing of

these two contracts should be very much aligned with one another, taking into account

of the difference in their exercise style. For those who are interested, it might be a good

exercise to go to the CBOE’s website to get quotes for near-the-money near-the-term

SPX and SPY call and put options, back out the Black-Scholes implied volatilities

from these contracts and see if there are any significant pricing differences (above and

beyond the quoted bid and ask spreads).

• Options Exchanges: As we see earlier, over 30% of the option dollar trading volume

comes from SPX: call and put options on the S&P 500 index. Not surprisingly, CBOE

fought really heard to keep its exclusive rights to SPX. In 2012, after 6 years of litiga-

tion, CBOE won the battle and was able to retain its exclusive licenses on options on

the S&P 500 index. As a result, CBOE remains its dominance in index options with
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over 98% of the market share. In addition to SPX, options on VIX have also grown in

popularity, which is also traded exclusively on CBOE.

In other areas, however, CBOE has not been able to retain its market power. Until

the late 1990s, CBOE was the main exchange for options trading. By the early 2000s,

however, CBOE was losing its market share in equity options to new option exchanges

like ISE. For equity options in September 2015, CBOE accounts for 16.32% of the

trading volume, PHLX has a market share of 17.50%, and the rest are shared by

BATS (14.37%), ARCA (11.81%), ISE (10.53%), AMEX (8.89%) and others. Trading

in ETF options took off around the mid-2000 and have been spread over many options

exchanges in a way similar to equity options: CBOE (15.93%), ISE (15.55%), PHLX

(15.02%), BATS (10.48%), ARC (10.15%), AMEX (10.14%), and others.

You might have noticed the fragmentation of the options market. Indeed, equity and

ETF options are traded in 12 different options exchanges. This phenomenon of market

fragmentation is not option specific. For example, US stocks regularly trade on 11

exchanges. In addition to these exchanges which are called “lit” markets, a non-trivial

amount (20% to 30% in 2015) of stock trading is done in alternative trading systems

such as “dark pool.”

• Market Participants: One advantage of options being traded on exchanges is its

accessibility. Investors of all types come to the market to trade. Another advantage

is its transparency. Information on transaction prices and volumes is readily available

to investors. On any given day, you can see how many put options are bought on the

S&P 500 index or on AAPL versus how many call options are bought. The same thing

cannot be said about the over-the-counter (OTC) derivatives market. While pricing

information on OTC derivatives can be obtained from Bloomberg or Datastream, the

real-time transaction information is very much protected by dealers as proprietary

information. In my personal view, if the trading information in products such as CDS,

CDO, synthetic CDO, and CDO2 were available to the public back in 2005, more

people would have paid attention to this market.

Like most markets, there are designated market makers in the options market. Their

presence in the market is to facilitate trading and provide liquidity. They make money

by quoting bid and ask prices: buy at the bid and sell at the ask. The bid-ask spread

(ask price - bid price) is the source of their profit. In the options market, the percentage

bid-ask spread is much larger than that of the underlying stock, reflecting the leverage

risk inherent in options. It is also a reflection of the relative illiquidity in options.
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When there are buying and selling imbalances, market makers might have to keep an

inventory, which exposes them to market risk. This risk exposure is further exaggerated

if this imbalance is caused by some private information the market maker is not aware of

(information asymmetry). The inventory cost and the cost of information asymmetry

are two important drivers for the bid and ask spread in financial prices. In the options

market, it is typical for a market maker to minimize his exposure to the underlying

stock by delta hedging.

Coming back to the topic of SPX and SPY, two options products with very similar

underlying risk. You might notice that there is a substantial difference in their bid/ask

spreads. In particular, the average bid/ask spreads (as a percentage of the option

price) are much higher for SPX than SPY. The average percentage bid/ask spread for

SPX is about 9% while that for SPY is about 1%. If the market risk is similar, then

where does this difference in trading cost arise?

Investors who trade against the market makers can be summarized into four groups:

customers from full service brokerage firms (e.g., hedge funds), customers from discount

brokerage firms (e.g., retail investors), and firm proprietary traders. Using CBOE

data from 1990 through 2001, we see that customer from full serve brokerage firms

are the most active participants in the options market while firm proprietary traders

concentrate their trading mostly on index options as a hedging vehicle. Of course,

these are older data and the options market has exploded after 2001.

Another way to look at the market participants is through their trading activities

against the market makers. Some investors come to the options market to buy options

to open a new position, while other buy options to close an existing position. Some sell

options to new a new position while others sell options to close an existing position.

In doing so, their trading motives are very different.

2 The Black-Scholes Option Pricing Model

• The Model: Let St be the stock price at time t. For simplicity, let’s first assume that

this stock pays no dividend. Later we will add dividend back. We model the dynamics

of the stock price by the following model (geometric Brownian motion):

dSt = μSt dt+ σ St dBt . (1)

This equation does not look very appealing at the moment, but you will come to
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appreciate or even like it later. Under this model, the expected stock return is μ and

its volatility is σ, both numbers are in annualized terms. So if you like, μ is about 12%

and σ is about 20%. Moreover, under this model, stock returns (to be more precise,

log-returns) are normally distributed. Let me use the rest of this section to explain

why it is so.

Let ST be the stock price at time T . Implicitly we are planning ahead for the time T ,

when the option expires. Standing here at time 0 and holding a European-style option,

all we care about is the final payoff:

Payoff of a call option struck at K = (ST −K) 1ST>K (2)

where 1ST>K = 1 if ST > K and zero otherwise. Let’s focus on call options for now.

Once we now how to deal with call options, the put/call parity will get us to put

options very easily.

Option pricing bolts down to calculating the present value of the payoff in equation (2).

How should this calculation be done? What is the discount rate to use in order to bring

the random cash flow to today? Let’s keep this question hanging for a while.

• Brownian Motion: Since it is the first time we are working with Brownian motions,

let me summarize the following three important properties of Brownian motions and

relate them to Finance:

– Independence of increments: For all 0 = t0 < t1 < . . . < tm, the increments are

independent: B(t1)−B(t0), B(t2)−B(t1), . . . , B(tm)−B(tm−1) . Translating to

Finance: stock returns are independently distributed. No predictability and zero

auto-correlation ρ = 0.

– Stationary normal increments: Bt − Bs is normally distributed with zero mean

and variance t−s. Translating to Finance: stock returns are normally distributed.

Over a fixed horizon of T , return volatility is scaled by
√
T .

– Continuity of paths: B(t), t ≥ 0 are continuous functions of t. Translating to

Finance: stock prices move in a continuous fashion. There are no jumps or

discontinuities.

• The Model in RT : Let’s perform this very important transformation:

ST = S0 e
R
T .
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Another way to look at it is by,

RT = ln(ST )− ln(S0) ,

which tells us that RT is the log-return of the stock over the horizon T . Now I am

going to do one magic and you just have to trust me on this. Next semester when you

take 450, you will learn the mechanics behind it, which is call the Ito’s Lemma.

dRt =

(
μ− 1

2
σ2

)
dt+ σ dBt

Comparing with equation (1), the dynamics of Rt is simpler. It does not have those μSt

and σSt terms. Instead, we have μ− σ2/2 as its drift and σ as its diffusion coefficient.

The extra term of σ2/2 is often call the Ito’s term.

With this dynamics for Rt, we can now fix the time horizon T and write out RT :

RT =

∫ T

0

dRt =

(
μ− 1

2
σ2

)
T + σ

√
T εT , (3)

where εT is a standard normal random variable (zero mean, variance equals to 1). You

will agree with me that
∫ T

0
dt = T . Let me explain why

∫ T

0
dBt = BT − B0 is

√
T εT :

it comes from the second property, stationary normal increments, of the Brownian

motion.

When it comes to valuation under the Black-Scholes model, the math will be done at

the level of equation (3). As you can see, it is not that scary, isn’t it? This model tells

us that the log-return of a stock over a fixed horizon of T is normally distributed with

mean (μ− σ2/2)T and standard deviation of σ
√
T . Other than the Ito’s term, σ2/2,

everything looks quite familiar. No?

• The Ito’s Term: Now let me explain why we have this Ito’s term. In the continuous-

time model of equation (1), the stock price grows at the instantaneous rate of μ dt:

E(ST ) = S0 e
μT ,

or equivalently, with a continuously compounded discount rate μ:

S0 = e−μT E(ST ) .
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Now let’s do the same calculation with our model for log-return in Equation (3),

E(ST ) = S0E
(
eRT

)
.

When it comes to calculating expectation of a convex function involving a normally

distributed random variable x, this is a useful formula for you to have

E(ex) = eE(x)+var(x)/2 .

Let me emphasize, this works only when x is normally distributed. Applying this

formula to the above calculation, we have

E(ST ) = S0E
(
eRT

)
= S0 e

E(RT )+var(RT )/2 = S0 e
(μ−σ2/2)T+σ2 T/2 = S0 e

μT ,

which is exactly what we wanted in the first place.

To summarize, the transformation from ST to ln(ST ) − ln(S0) introduces some con-

cavity, because ln(x) is a concave function. This is why −σ2/2 shows up in RT . The

transformation from RT to eRT introduces some convexity, because ex is a convex

function, and σ2/2 gets added back during the transformation. So everything works

out.

In essence, Mr. Ito is busy because we are doing concave/convex transformations on

random variables. If there is no random variable involved, then Mr. Ito will not be

this busy. For example, let’s make x a number by setting var(x) = 0. What do we

have for E(ex) = eE(x)+var(x)/2? We have E(ex) = ex and nothing else. The Ito’s term

disappeared.

• Risk-Neutral Pricing: Now let’s come back to the present value calculation. As

discussed earlier, the payoff of a call option at time T is as in Equation (2). It is a

random payoff, depending on the realization of ST . It is a non-linear random payoff

with a kink at the strike price K: the payoff is zero if ST falls below K and is ST −K

if ST rallies above K and the option is exercised at time T . So what is the present

value of this random non-linear payoff? Which discount rate should we use?

Risk-neutral pricing is the answer to that question. Although it has “risk-neutral” in

its name, it is anything but risk-neutral. Let me first tell you the approach of the
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risk-neutral pricing. Recall that after some hard work, we have

RT =

(
μ− 1

2
σ2

)
T + σ

√
T εT .

I am going to call this model the actual dynamics and label it by “P.” Then I am going

to introduce a different model, called risk-neutral dynamics and label it by “Q.”

Actual Dynamics (“P”): RT =

(
μ− 1

2
σ2

)
T + σ

√
T εT (4)

Risk-Neutral Dynamics (“Q”): RT =

(
r − 1

2
σ2

)
T + σ

√
T εQT (5)

By writing down the model in the Q-dynamics, I am bending the reality by forcing

the stock return to grow at the riskfree rate r. And then I am going to do my present

value calculation under this bent reality: 1) the expectation of the future cash flow is

done under the Q-measure and 2) this expectation is discounted back to today using

the riskfree rate r. And somehow, two wrongs make one right, the calculation works

out. You just have to trust me on this. This pricing framework is widely adopted on

Wall Street in fixed income, credit, and options.

• Pricing a Stock: Before applying this risk-neutral pricing framework on options ,

let’s first try it on something easier: the linear random payoff of ST . We know what

the answer should be: the present value should be S0. We’ve already done it under the

P-dynamics: S0 = e−μTE(ST ). It works out and using μ as the discount rate makes

perfect sense ... because this is how the dynamics is written.

Now let’s do it under the Q-dynamics:

e−rT EQ(ST ) = e−rT S0 e
rT = S0 .

So it also works! Just to emphasize that risk-neutral pricing has nothing to do with

investors being risk-neutral, let’s bring in a risk-neutral investor to price the same

stock. He takes the P-dynamics (because it is the reality) and discounts the cash flow

with riskfree rate r (because he is risk neutral):

e−rT EP(ST ) = e−rT S0 e
μT = S0 e

(μ−r)T

So he is paying more than S0 for the same cash flow. Why? Because he is risk-neutral.

Recall that if ST is the market portfolio, then μ − r is the market risk premium.
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Risk-averse investors demand a premium for holding the systematic risk in the market

portfolio. That gives rise to the positive risk premium in μ−r. A risk-neutral investor,

however, is not sensitive to risk. As such, he is willing to pay more for the stock.

This exercise might seem trivial mathematically, but it is very useful in clearing our

thoughts. In particular, I would like to emphasize that risk-neutral pricing does not

mean pricing using a risk-neutral investor. In a way, this name “risk-neutral pricing”

is unfortunate and confusing.

• Pricing the Option: We are now ready to price the option. Let C0 be the present

value of a European-style call option on ST with strike price K:

C0 = e−rTE ((ST −K) 1ST>K) = e−rTEQ (ST1ST>K)− e−rTKEQ (1ST>K)

Now let me cheat a little by going directly to the solution,

C0 = S0N(d1)− e−rTKN(d2) ,

where N(d) is the cumulative distribution function of a standard normal x:

N(d) = Prob (x ≤ d) =

∫ d

−∞

1√
2π

e−
x2

2 dx .

In Matlab, N(d) is normcdf(d). The two critical values d1 and d2 are,

d1 =
ln (S0/K) + (r + σ2/2) T

σ
√
T

; d2 =
ln (S0/K) + (r − σ2/2) T

σ
√
T

Comparing where we are now with the solution, we see some internal logic. In partic-

ular, it is obvious that

N (d2) = EQ(1ST>K) = ProbQ (ST > K)

and

N (d1) = e−rTEQ

(
ST

S0
1ST>K

)
.

• Understanding N(d2) in the Black-Scholes formula: The part associated with

N(d2) is actually pretty easy. It calculates the probability that the call option is in
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the money under the Q-measure. So let’s work it out:

ProbQ (ST > K) = ProbQ
(
S0 e

RT > K
)
= ProbQ

(
eRT > K/S0

)
= ProbQ (RT > ln(K/S0)) ,

where, in the last step, I took a log on both side of the inequality, which is OK because

ln(x) is a monotonically increasing function in x.

Now let’s use the Q-dynamics of RT in Equation (5) to get,

ProbQ (RT > ln(K/S0)) = ProbQ

((
r − 1

2
σ2

)
T + σ

√
T εQT > ln(K/S0)

)
.

Moving things left and right, we get

ProbQ

(
εQT >

− ln(S0/K)−
(
r − 1

2
σ2
)
T

σ
√
T

)
,

or equivalently,

ProbQ

(
− εQT <

ln(S0/K) +
(
r − 1

2
σ2
)
T

σ
√
T

)
,

which is really N(d2), knowing that εQT is standard normally distributed.

• Understanding N(d1) in the Black-Scholes formula: The part associated with

N(d1) is more subtle. Recall that

N (d1) = e−rTEQ

(
ST

S0

1ST>K

)

So N(d1) involves a calculation that takes into account that we are calculating the

expectation of ST when ST is greater than K (the option expires in the money). So it

is not a simple probability calculation such as N(d2). Here, it involves an interaction

term. As a result N(d1) should always be larger than N(d2). This is true because

d1 = d2 + σ
√
T . As you will see later, this difference between d1 and d2 is really where

the option value of an option comes from. In other words, σ
√
T is the best summary

of the option value.

Given the amount of math we have been doing up to this point, I have a feeling that

most of you are not willing to go further. For those of you who are interested, you can

do the math to prove that N(d1) is in fact e−rTEQ
(

ST

S0
1ST>K

)
.

For those who are not willing to go through the math, let me offer this observation.
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Under the Q-dynamics, the drift in RT is (r−σ2/2)T and the volatility is σ
√
T . That’s

how we get the expression of d2 (and our previous calculation just proved this point).

Comparing d1 and d2 this way, we notice that suppose we bend the reality further by

making the drift in RT to be (r + σ2/2)T and keep the same volatility. Then, under

this strange dynamics, let’s call it QQ, we have N(d1) = ProbQQ(ST > K). Intuitively,

because of the interaction term, the valuation is higher. One simple way to express

this higher valuation is by allowing RT to grow faster than its Q-measure, with a drift

of (r + σ2/2)T . Under this probability measure, the probability of ST is greater than

K (the option expires in the money) becomes N(d1). I’ll stop here.

• Add Dividend Yield: We are going to apply the Black-Scholes model to SPX. So it

is important that we can handle stocks paying dividend with a constant dividend yield,

which, for the S&P 500 index, is a good enough approximate. Let q be the dividend

yield. Again, let ST be the time-T stock price, ex dividend. Then, the stock dynamics

becomes,

dSt = (μ− q) St dt+ σ St dBt .

And the dynamics for RT changes to

Actual Dynamics (“P”): RT =

(
μ− q − 1

2
σ2

)
T + σ

√
T εT

Risk-Neutral Dynamics (“Q”): RT =

(
r − q − 1

2
σ2

)
T + σ

√
T εQT

And the Black-Scholes pricing formula becomes

C0 = e−qT S0N(d1)− e−rT KN(d2) ,

where N(d) is the cumulative distribution function of a standard normal and

d1 =
ln (S0/K) + (r − q + σ2/2) T

σ
√
T

; d2 =
ln (S0/K) + (r − q − σ2/2)T

σ
√
T

• Arbitrage Pricing and Dynamic Replication: In Finance, when it comes to

valuation, there are just two approaches: equilibrium pricing and arbitrage pricing.

We’ve touched on equilibrium pricing in the CAPM, where mean-variance investors

optimize their utility functions and the equity and bond markets clear. What we’ve

been doing so far in this class falls squarely into the category of arbitrage pricing. The

essence of arbitrage pricing is replication: replicate a stream of random payoffs with
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existing securities whose market values are known to us. The present value of this cash

flow equals to the cost of the replication.

The best example in our current setting is the put/call parity. As I am sure that you’ve

learned in 15.415 (or 15.401), the time-T payoff of buying a European-style call and

selling a European-style put (with the same strike price K) is the same as taking a

long position in the underlying stock and borrowing K from the bond market. The

present value of the underlying stock is e−qTS0, where, as usual, we use ex dividend

stock price. The present value of the bond-borrowing portion is e−rT K, with r being

the riskfree rate, continuously compounded. So the replication cost is e−qTS0−e−rT K.

The present value of buying a call and selling a put is, by definition, C0 − P0. As a

result, C0 − P0 = e−qTS0 − e−rT K .

As you can see, in getting this relation, we do not have to use any model, just simple

logic. In practice, this put/call ration holds pretty well in the market. There are

investors actively arbitrage between the options and the cash (i.e., the S&P 500 index

or the S&P 500 index futures via “E-mini”) markets. Even if the Black-Scholes model

fails (which it does), this relation still holds. Arbitraging using put/call parity is

very similar to arbitraging between the futures and cash markets (arbitraging between

Chicago and New York).

When it comes to pricing call and put options, however, we do need to use a model. So

far, we’ve used the Black-Scholes model. It turns out that even with a stock and a bond,

we can still replicate the non-linear payoff of an option. This is the important insight

of Prof. Black, Merton, and Scholes: dynamic replication. You need to continuously

rebalance your hedging portfolio, doing delta hedging at a super high frequency. I am

sure that you’ve got a heavy dosage of that in your 15.415. So I am not going to spend

time on dynamic replication or delta hedging.

Recall that the third property of a Brownian motion is continuity of paths. This implies

that stock prices move in a continuous fashion. There is no jumps or discontinuities.

This is why models like geometric Brownian motions are called diffusion models. As you

can see, the property of dynamic replication falls apart as soon as we move away from

the Brownian motion by adding random jumps to the model. This is just one example.

If we add another streams of random shocks to volatility, making it a stochastic process

(instead of a number σ = 20%), then this replication also falls apart.

As such, the Black-Scholes formula is very much confined to the model itself. We will

see that the Black-Scholes model does not hold very well in the market. We will then
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extend in two dimensions: adding jumps to the model to allow crashes; relaxing σ from

a number to a stochastic process and build a stochastic volatility model.

• Why so many equations? Since Fall 2015, because of the MFin students, I made

a conscious effort in being as rigorous as possible and giving you as much detail as

possible. While using the Black-Scholes model as a black box is fine for most people,

I feel that most of you deserve to know a little bit better. In past years, 15.450 was

taught along with 15.433. So I made the comfortable choice of letting the professor in

15.450 carry more of the math burden. Now that 15.450 has been moved to the Spring

semester, I feel that I’ve lost my excuse. And Prof. Wang kept asking me to push you

more. So this is my effort in pushing you.

If you’ve seen this before, don’t presume that you know everything. Honestly, I started

to work in this area as soon as I entered the PhD program at Stanford GSB 20 years

ago. But I’ve only developed these intuitions over the years. So take your time to

digest the materials and make them your own.

3 Using the Black-Scholes Formula

• Pricing ATM Options: By definition, an at-the-money option has the strike price

of K = S0 e
(r−q)T . Going back to d1 and d2, we notice that by setting the strike price

at this level, d1 =
1
2
σ
√
T and d2 = −1

2
σ
√
T . Effectively, by having an option with this

strike price, we take away the moneyness component of the option and focus exclusively

on the option value. Also notice that at this strike price, e−qT S0 = e−rT K, which

implies that, via the put/call parity, C0 = P0 for this pair of at-the-money call and

put options. For the case of σ = 20% and T = 1/12, we have d1 = σ
√
T/2 = 0.0289.

Figure 3 plots the respective N(d1) and N(d2) for the case.

Applying the Black-Scholes formula, we have

C0 = P0 = S0 (N(d1)−N(d2)) = S0

[
N

(
1

2
σ
√
T

)
−N

(
−1

2
σ
√
T

)]
.

Using the fact that N(d) is the cdf of a standard normal:

N(d) =

∫ d

−∞

1√
2π

e−
x2

2 dx ,
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Figure 3: The N(d1) and N(d2) for an one at-the-money call or put option with one-month
to expiration. The underlying stock volatility is 20%.

we can further simplify the pricing formula,

C0

S0
=

P0

S0
=

1√
2π

∫ 1
2
σ
√
T

− 1
2
σ
√
T

e−
x2

2 dx .

Now let’s use a Taylor expansion that is very useful in Finance: ex ≈ 1 + x , for small

x. Applying this to the integrand,

e−
x2

2 = 1− x2

2
.

Let’s replace the integrand with this approximate:

C0

S0
=

P0

S0
≈ 1√

2π

∫ 1
2
σ
√
T

− 1
2
σ
√
T

(
1− x2

2

)
dx =

1√
2π

(
σ
√
T − 1

24

(
σ
√
T
)3
)

≈ 1√
2π

σ
√
T ,

where I dropped the cubic term to make our approximation even simpler. But you can

see, if you include the next order of approximation, the net effect will make the option

price lower. This approximation works well for small σ
√
T . For a typical one-month
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option on the S&P 500 index, σ = 0.20 and T=1/12, we have σ
√
T being around

0.0577. As a comparison, the higher order term
(
σ
√
T
)3

/24 is 8× 10−6. So this level

of σ
√
T , our approximation works really well.
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Figure 4: The ratio of an at-the-money call or put option price to the underlying stock price,
C0/S0 or P0/S0, as a function of σ

√
T . The approximation of C0/S0 = P0/S0 ≈ σ

√
T/

√
2π

is in red and the Black-Scholes pricing is in blue.

As shown in Figure 4, as σ
√
T becomes large, this approximation becomes imprecise.

Moreover, the approximation is bias upward compared with the Black-Scholes pricing.

This makes sense because the next higher order term is negative. It also makes sense

because C0/S0 cannot grow linearly with σ
√
T forever. The call option price is bounded

from above by the underlying stock price: C0/S0 cannot be bigger than 1. At some

point, this ratio has to taper off.

What kind of options will give us σ
√
T that is too large for this approximation to

work? Options on volatile stocks with long time to expire. For example, for an option

with σ = 100% and 1 year to expiration, σ
√
T = 1. As you can see from Figure 4, our

approximation is no longer very good.

• ATM Options as Financial Vehicles on σ
√
T : In spending time to analyze the

at-the-money options, we learned an important lesson. In fact, it is the cleanest way to
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understand what options are really about. By buying a call option, we get a positive

exposure to the underlying stock; by buying a put option, we get a negative exposure.

Neither of these exposures is unique to options. There are other ways we can get this

kind of exposure. And the exposure can be easily hedged out by stocks. But what’s

unique about options is the volatility exposure. In the Black-Scholes model, volatility

is a constant. So you might not appreciate the significance of this volatility exposure.

As soon as we allow volatility to move around, which is true in reality, then you find

in options a vehicle that is unique in offering exposures to σ
√
T . Nothing in the stock

market can offer this kind of exposure.

Recall that dynamic replication makes options a redundant security within the Black-

Scholes model. At that point, you might be wondering to yourself that: if it is redun-

dant, then what is the point? Well, in reality, with random shocks to volatility and

fat-tails in stock returns, options are not at all redundant. That is why, as beautiful

and revolutionary as the dynamic replication theory is, I do not want us to spend too

much time on it.

Going back to our discussions regarding N(d1) and N(d2), the example of ATM options

further clarifies what really matters in d1 and d2. It’s the fact that d1 is always

larger than d2, by the amount of σ
√
T in the Black-Scholes model. If you trace back

to the calculation of d1, you notice that it comes from EQ (ST1ST>K), the positive

interaction between ST and 1ST>K . Within the Black-Scholes setting, we have the

exact formulation of this option value. As we later move away from the Black-Scholes

model, N(d1) and N(d2) will be replaced by other formulas. That is why I have been

emphasizing calculations like EQ (1ST>K) and EQ (ST1ST>K) for call options. These

calculations are the main building blocks of a call option, whose values might be

different in different models. Likewise, for put options, calculations like EQ (1ST<K)

and EQ (ST1ST<K) are the main building blocks.

• The Black-Scholes Option Implied Volatility: Once we understand that options

are unique financial vehicles for volatility, then volatility will be the first thing we

would like to learn from options. Indeed, the Black-Scholes option implied volatility is

such a concept.

For a call option with strike price K and time to expiration T , we can calculate its

Black-Scholes price by plugging the model parameters. We obtain the underlying stock

price S0 from the stock market, the riskfree rate r from the Treasury or LIBOR market.

If this option is on the S&P 500 index, we can assume a flow of dividend payment in
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the form of a dividend yield q. We can approximate q with its historical average, say

2%. Now the only parameter left for us to move around is σ. Of course, we can go

to the underlying stock market to measure the volatility. But let’s not do that. Let’s

instead back out the volatility σI so that the model price for this option agrees with

the market price of this option. This is the Black-Scholes implied volatility.

In doing this exercise, we are not assuming the Black-Scholes model is correct. We

are only using the model as a tool for us to transform the option price from the dollar

space to the volatility space. Why is this useful? Because options with different strike

prices and times to expiration will differ quite a lot in their market value. A deep in-

the-money option might be worth hundreds of dollars, while a deep out-of-the-money

option on the same underlying might be worth just a few dollars. A short-dated options

is worth much less than a long-dated options. Since all of these options are on the same

underlying, you would like to be able to compare their pricing. But comparing these

options in the dollar space is not at all intuitive. By contrast, all of these options share

the same underlying. Hence the same σ. So comparing these options in the volatility

space is much more intuitive and productive. In fact, in OTC markets, options are

typically quoted not in dollar but in the Black-Scholes implied volatility. This is

analogous to the adoption of yields in the bond market. So Black-Scholes implied vols

in options and yields in bonds.
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Appendix

A Valuation Models in Finance

As we move on to options and fixed-income products, concepts such as present value cal-

culation will take center stage. Looking back, you might have noticed that in our equity

classes, we worked almost exclusively in the return space. We analyze the distribution of

stock returns, estimate the expected return, investigate the return predictability, and study

the various models of return volatility. Very rarely did we talk about valuation. For exam-

ple, AAPL has a market capitalization of $642B with $112 a share right now. What kind of

Finance models do we use to price this stock? Can the same model be used to price other

stocks? How well does such a model work in practice?

The one exception was when we work with the book-to-market ratio in the Fama-French

model. We use the book value of equity as a benchmark for the market value of equity.

If investors think of buying the stock as buying the book value of the firm, then this ratio

should be around one. In practice, we noticed a wide range of book-to-market ratios. For

example, as of July 2015, the average book-to-market ratio is around 0.095 for stocks in

decile 1 and 1.339 for those in decile 10. AAPL with its book-to-market ratio of 0.2 belongs

only to decile 2. Conceptually, we can say that stocks with low book-to-market ratios are

those with great growth potential. As such, investors are willing to pay multiple (in the case

of 0.095, 10 times) of the book value. Quantitatively, however, why some stocks are priced

at 10 times while other stocks are priced at 0.75 times? Do we have one good model to give

accurate prices to this cross-section of stocks with varying book-to-market ratios?

By now, you’ve probably been taught various valuation models that combine cash flows

with discount rates. You project the future cash flows of a firm or a project and discount them

back using some discount rates estimated using a Finance model, say the CAPM. Without

a question, these frameworks are useful in helping us think through the key components in

a valuation project. But, quantitatively, these models do not offer the kind of precision and

rigor as other models in Finance. And in practice, this seems to be true as well.

When I first read the fascinating book on the RJR Nabisco deal, “Barbarians at the

Gate,” my mouth was wide open as I flipped through the pages. For such a large deal, the

valuation seems to be rather flexible. Over the short time span of one month and 11 days,

the valuation moved from the initial $17 billion with $75 a share to $24.88 billion with $109

a share. This might be an extreme case, but other books on private equity, for example,

“King of Capital,” left me with the same impression: there is a lot of flexibility in valuation
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in this space. If you look at the venture capital space, where even the projection of future

cash flow is very much up in the air, you see a similar pattern. I am not an expert in either

of these areas, but it is safe to say that the level of precision required of a Finance model

is relatively low in these areas, or the margin of errors allowed for such valuation models is

rather high.

In writing this introduction on valuation, my objective was to compare and contrast the

role of valuation in various parts of Finance. On the one end of the spectrum, you have

valuations in VC and private equity. In this space, the cash flows are highly uncertain;

which discount rates to use is also not clear. The role of a valuation model in such a setting

is indeed very limited. If you are working in this area, spending time to perfect your Finance

model is not at all your number one priority. On the other end of the spectrum, you have

valuations in options and fixed income. In options, the cash flow comes from the fluctuation

of the underlying stock price. In fixed income, the cash flow comes from the coupon and

principal payments. In both cases, the cash flow can be modeled rather precisely and the

present value calculation can be done with super high precision. In these areas, people take

their valuation models rather seriously. If anything, the danger is that people take their

models too literally to the extent that they are lost in their models.

I hope that you do not read this introduction as “one against another.” This concern

made me move this introduction to the appendix so as not to distract you from the main

topic. The role of a professor is to offer knowledge and perspective. As a student, your

responsibility is to absorb the useful, discard the useless and build a system for yourself. I

can see how a teacher can influence his students (OK, maybe not MBAs). My cousin in

Shanghai used to hate English because her English teacher was not nice to her. Isn’t that

crazy?

B The Motives for Option Trading

The motives behind options trading could vary from speculation to hedging. Investors with

private (legal or illegal) information might choose to trade in the options market to take

advantage of the inherent leverage in options. This usually happens more at the level of

options on individual stocks, where option investors trade their private information about

the idiosyncratic component of the stocks. I have a paper with Allen Poteshman on this

topic.

As a graduate from Chicago GSB, Allen was able to get a very unique dataset from

CBOE with details on option trading volumes on open buy and sell, close buy and sell from
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1990 through 2001. Around the same time, I was teaching 15.433 and had to educate myself

about quant investing and sorting portfolios with signals. Like some of you, after learning

about this cross-sectional approach, I started to think about trading strategies. Since I spent

most of my time thinking about options, the idea came quite naturally to me: would it be

cool to have a signal from the options market and use it to trade in the stock market? The

most obvious signal would be put/call ratio. Consider a stock with a lot of put option volume

traded on it versus a stock with a lot of call option volume traded on it. One is a bearish

signal on the stock and the other bullish.

My problem was that I did not have good options data with clean volume information to

test this idea. Most of the publicly available data mixes open buy with close buy and open

sell with close sell. As a result, the pure signal from open buy is contaminated by close buy.

Likewise for the sell volume. So my test results using the publicly available data were weak

and I did not want to write a paper with these weak results. This is how I located Allen and

his unique dataset. I sent him an email, he sent me a disc with his data and we started to

work together.

We form stock portfolios by their put/call ratios and track their performance for the

next week. We find that stocks with low put/call ratio outperform stocks with high put/call

ratio by 40 basis points over the next day and 1% over the next week. This predictability is

stronger for smaller stocks. We also find that option volumes by customers from full service

brokerage firms (e.g., hedge funds) are by far the most informative. By contrast, option

volumes by firm proprietary traders do not have any predictive power. Our interpretation is

that prop traders use exchange-traded options mostly for hedging needs, which is supported

by the fact that prop traders are much more active on index options than equity options.

After we finished our paper in 2003 or 2004, we got a lot of interest from practitioners.

We even heard from CBOE, who asked us where we got the data. We told them that the

data was sitting in their mainframe and offered to help them package and sell the data (so

that we can have free access). They said “No.” Later they started to sell this data at a pretty

high price. Several years later around 2009 or 2010, a former student of Allen got this big

grant for data purchase. So I asked her to buy the very expensive CBOE data to do the same

test on the more recent data. The strong predictability we found over the 1990-2001 sample

no longer exists in the recent time period. It is difficult to say if our paper has any direct

impact, but the market seemed to become a little more efficient. After writing this paper,

Allen became more interested in the practice of Finance and left his tenured professorship

to join D.E. Shaw. He also got us a coverage on the New York Times.
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