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Introduction

e The seminal work of Black, Scholes, and Merton:
» Pure diffusion: Black and Scholes (1973), Merton (1973).
» Jump diffusion: Merton (1976).
» Pure jump: Cox and Ross (1976).

e Models incorporating stochastic volatility and jump risk:

» Stochastic volatility:
Hull and White (1987), Stein and Stein (1991), Heston (1993).
» Jump-diffusion models:
Bakshi, Cao, and Chen (1998), Bates (2000), Duffie, Pan and Singleton (2000).

e Empirical evidence:

» Using cross-sectional options: Bakshi, Cao, and Chen (1998).
» Using joint-times series of options and stock prices: Pan (2002).
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Models, Data, and Risk Measures

e The complete-market setting of Black, Merton, and Scholes:
» Model parameter: the diffusion coefficient o.
» Application: the option-implied volatility index (VIX).
e The jump-diffusion models with the jump component of Merton (1976):
» Model parameter: the mean jump size pu.
» Application: the option-implied crash index (CIX).
e The non-parametric approach of Breeden and Litzenberger (1978):

» Ait-Sahalia and Lo (1998): the state-price density.
» CBOE and Goldman Sachs (2003): the updated VIX index.
» Bakshi, Kapadia, and Madan (2003): option-implied skew.
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The Stochastic Volatility Model with Jump (SVJ)

e The data generating process:
ds, = (n g+ (Vi) + [AVt (1 — u*))) S, dt + /V,S, dwV +(dZ: — pSiAV; dt)

AV, = ky (5 — V,) dt + ou\/V, (defl) +/1-p2 th@))

@ The risk-neutral dynamics:

A4S, = (re — g0) Sr At + /VS, aW() 1 (dZ2 — SV, dt)
v = <m (@ —Vi) + ) at + 0y /V (paW( @ + /T g2 aw(@?)

e The market prices of risks:
» The diffusion risk premium in index returns: n® V.
» The jump risk premium in index returns: A V; (u — p*).
» The volatility risk premium: n" V;.
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Option Pricing Under the SVJ Model

@ The time-t price of a European-style call option:
r K
G = EY [exp (— / u du) (Sr— K)*} =5 f (v U141, g)
t t

» K is the strike price and T' =t + 7 is the expiration date.
» The latent state variable: V.
» The model parameters: ¥ = (Ky, 0, 0y, p, A, 11, 07, 0°, 0%, 1*).

e Via put/call parity, the time-t price of a European-style put option:

, K
PtSVJ = St f (V;f? ﬁa T, 4, T, g) - St equ + KeiTT .
t
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Model Estimation

o We use the joint time-series of the S&P 500 index and options (Pan 2002).
e The moment conditions are constructed on the two state variables:
» Daily index returns: v, =InS; —InS;_1 —ry — ¢
» Time-t volatility V;, inferred from an ATM call, given model parameters 4,

K
Ctl\/larket _ C«tSVJ =S5 f <Vt,19,7’t,q:677'7 St) :

@ The model parameters ¥ and the latent V; are simultaneously estimated,
» using moment conditions based on

efl =y — My (Vio1,9) el =V, — M5 (V;_1,9)
e’ = y? — My (Vi1,9) €2 = V2 — Mg (Vi_1,9)
el’ =y} — My (Vio1,9) el” =y Vs — My (Ve—1,9)
el =yt — My (Vi1,9)

» and pricing errors of 30-day ITM calls and 90-day ATM calls.
Option-Implied Crash Index Jun Pan 6/ 23



Estimation Results: Model Parameters

Panel A: SVJ estimation using 1996-2021 daily price data
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Estimation Results: The Latent State Variable V}
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Estimation Results: Model-Implied Jump Arrival Intensity

Jump Arrival Intensity
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Estimation Results: Model-Implied Volatility Surface

Varying Jump Arrival Intensity /\Vt Varying Mean Jump Size u*
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Option-Implied Crash Surface

BS Implied Volatility SVJ Implied Mean Jump Size
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Construct the Option-Implied Crash Index (CIX)

o Infer the SVJ model implied 1/ (7, ) from an OTM put with market price PMarket,

K
PtMarket = PtSVJ = St f (‘/ta 19L7 M{(T, K)7 rq,T, E) - St e 1" + Ke_m—a

where we fix V; and all other parameters 9+ to the estimation results.

o This parallels the Black-Scholes implied o/(7, K),

K
PtMarket - PtBS = St f <0-1{(7—7 K), g, T, _) - St e " + Ke .

St
e Following VIX, we construct CIX by interpolating around the 30-day to expiration,
75 — 30 30 — T
—CIX, = i (11) ==+ pf (72) ———,
To — T1 To — T1

using 71 < 30 < 7 and u!(7) for each 7 is averaged across all K /S € [0.93,0.97].
t )
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Time-Series of CIX vs VIX
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Time-Series of CIX vs VIX
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Validating CIX using Non-Parametric Skew
e Since 2003, the CBOE VIX is computed via

e TEP (R(t,7)%) :/St (1;:2(St))0t(7',K)dK+/OSt %Pt(ﬂ[()df(.

where R(t,7) =InS;y, — In S;.

e Bakshi, Kapadia, and Madan (2003) computes the risk-neutral skewness via

erB? (R (1)) = [ nld) Kz(ln E) e, - [ Ge)+3 0 G - e
St 0

KQ

» Crashes: important in generating negative skewness.
» The non-parametric skewness can be used to validate the information content
of our CIX index.
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Time-Series of CIX, Skew and IV Spread
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Time-Series of CIX and Skewness
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Skewness under the SVJ Model
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Time-Series of Skewness, Non-Parametric vs the SVJ Model
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Explaining the Crash Index (CIX)

Dependent Variable: ACTX; (%)
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Return Predictability Using Option-Implied Risk Measures

Average Daily SPX Returns (bps)

following large increases

following large reductions
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Return Predictability Using Option-Implied Risk Measures

Dependent Variable: Day ¢ + 1 SPX Returns (bps)
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Conclusions

e We construct an option-implied Crash Index (CIX) by exploring the pricing difference
between the OTM puts and ATM options, benchmarked against the SVJ model.

@ The construction of our CIX index is analogous to that of the VIX index:

» The mean jump size i of the SVJ model implied by OTM puts.

» The volatility parameter o of the Black-Scholes model implied by ATM options.
e Empirically, we find that

» The CIX index is closely related to the non-parametric option-implied skewness

and positively correlated with the put/call volume ratio.

» Post 2008, the CIX index has increased significantly.

» Large increases in CIX are followed by large negative SPX returns.

» By contrast, large increases in VIX are followed by large positive SPX returns.
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